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Abstract
This paper obtains Posner’s theorem for products of derivations on left ideals in semiprime rings,
so describes when a product of derivations D and E of a semiprime ring R can act as a derivation on
a left ideal L of R. This result yields a quick argument for a theorem of H. Bell and W.S. Martindale
on centralizing derivations of L. Finally results in the literature extending the notion of a centralizing
derivation to the situation when D(x)x − xE(x) is central for all x ∈ L are obtained as special cases
of a more general result here.
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In [14] E.C. Posner proved two theorems about derivations of prime rings that have led
to many generalizations (e.g., [1–3,5,6,9,11,15]). To recall Posner’s theorems, let R be a
prime ring and D and E derivations of R. The results in [14] show: if DE is a derivation
of R then D = 0, E = 0, or charR = 2; and if D(x)x − xD(x) is central in R then D = 0
or R is commutative. Most generalizations of these results in the references above concern
derivations acting on ideals or on Lie ideals, occasionally on one-sided ideals, and a few
papers have dealt with derivations of semiprime rings. Our first results here extend the
theorem on products of derivations to the case when R is a semiprime ring and DE acts
like a derivation on L, a left ideal of R. The second theorem in [14], for R a semiprime
ring and D(x)x − xD(x) central for all x ∈ L appears in [1] and we obtain it here easily
from the first result using the approach in [13].
When D(x)x − xD(x) is central for all x ∈ L then D is called centralizing on L. This
notion has been extended to the case when D(x)x + xD(x) is central or when either
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ideas was studied in [2] and assumed that for derivations D and E of R,D(x)x − xE(x)
is central. If R is a prime ring and this condition on D and E holds for all x ∈ L, a left
ideal of R then Bresar proves in [2] that D = 0 or R is commutative. If R is a semiprime
ring and the right annihilator of L is zero, then [15] shows that D(x)x − xE(x) central
for all x ∈ L forces the ideal generated by D(R) to be central. Here we consider this same
condition on D and E for any nonzero left ideal L of the semiprime ring R and obtain
statements about both D and E that imply the results cited above.
Throughout the paper let R be a semiprime ring with center Z(R) = Z, L a nonzero
left ideal of R, Der(R) = {D :R → R | D is additive and D(xy) = D(x)y + xD(y)
for all x, y ∈ R} the set of derivations of R, and D,E ∈ Der(R) − (0). When R is a
prime ring let C be its extended centroid, RC its central closure, M(R) its Martindale
quotient ring (see [12]), and Q its symmetric quotient ring [7,8]. In the case of R prime,
it is well known [7,8] that D extends to a derivation of RC, of Q, and of M , and we
will consider D as a derivation of these as needed without changing its designation.
We will write the action D(x) = xD . When considered in Der(M), if D is inner, that is
xD = xq − qx = [x, q] = ad(q)(x) for q ∈ M , then in fact q ∈ Q [7].
We state an important result for our approach that is a special case of a seminal result of
V. Kharchenko [7, Theorem 1, p. 158] and more clearly stated as [8, Theorem 4, p. 780].
Theorem A. Let R be a prime ring with D,E ∈ Der(R) independent modulo inner
derivations: if for c, z ∈ C, Dc + Ez = ad(q) for some q ∈ Q, then c = z = 0. If for
all r ∈ R, ∑ai1rbi1 +∑ajDrDbjD +∑akErEbkE = 0, where all ats, bts ∈ Q for each
s ∈ {1,D,E}, then ∑atsrbts = 0 for each s ∈ {1,D,E}. The result holds also for one
noninner derivation D: if ∑ai1rbi1 + ∑ajDrDbjD = 0 for all r ∈ R with ats, bts ∈ Q
then
∑
ai1rbi1 = 0 and ∑ajDrbjD = 0.
It will also be useful to record some well-known results and easy computations that will
be needed later.
Lemma 1. Let R be a prime ring, L a nonzero left ideal of R, I a nonzero ideal of R,
and D ∈ Der(M) − (0). Then: (i) RD = 0; (ii) if for q ∈ M either qRD = 0 or RDq = 0
then q = 0; (iii) LD = 0; (iv) if qL = 0 for q ∈ M then q = 0; (v) if ∑aj rbj = 0 for
all r ∈ I with {aj , bj } ⊆ Q and if {aj } is C-independent, then all bj = 0, and if {bj } is
C-independent then all aj = 0.
Proof. Should RD = 0 and x ∈ M , let J be a nonzero ideal of R with xJ ⊆ R [12]. Then
(xJ )D = 0 and (xy)D = xDy + xyD force xDJ = 0, resulting in xD = 0, so MD = 0
contradicting D = 0 and proving (i). For (ii) assume qRD = 0, and take J a nonzero ideal
of R with qJ ⊆ R, so now 0 = q(JR)D = qJRD . If qJ = 0 then q = 0, and otherwise qJ
is a nonzero right ideal of R. For any r ∈ R let B be a nonzero ideal of R so that rDB ⊆ R.
Hence qJ rDB = 0 and the fact that R is a prime ring means that rDB = 0, forcing rD = 0.
Therefore q = 0 implies RD = 0, contradicting (i). When RDq = 0 a similar computation,
namely rDBqJ = 0, yields q = 0 again. If LD = 0 then 0 = (RL)D = RDL so RD = 0,
impossible by (i), and (iii) holds. Similarly, if qL = 0 and qJ ⊆ R for a nonzero ideal J
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is just [8, Lemma 1, p. 766]. 
It is easy to see that Posner’s theorem on products cannot hold in general for left ideals.
Let a, b ∈ R with La = 0 = Lb, D = ad(a), and E = ad(b). Then DE = ad(ba) on L.
Observe that LLD = 0 and LLE = 0. This is like the situation described in [3, Theorem 2,
p. 980]. When R is semiprime the situation is even less clear. For example let A be a
prime ring, R = A ⊕ A, U a left ideal of A with Ux = 0 = Uy for some x, y ∈ A, and
L= U ⊕A. Then D = (ad(x),H) for any nonzero H ∈ Der(A), and E = (ad(y),0) satisfy
DE = (ad(yx),0) on L but here LLD = 0.
The assumption that the product DE acts like as derivation on L means that for x, y ∈ L,
(xy)DE = xDEy + xyDE . Using that D,E ∈ Der(R) we also have (xy)DE = (xDy +
xyD)E = xDEy + xDyE + xEyD + xyDE . Comparing these shows that the statement
that DE acts like a derivation on L is equivalent to the identity xDyE + xEyD = 0 for all
x, y ∈ L. Viewing the condition in this way enables us to use Theorem A to attack Posner’s
theorem for left ideals. Our result for semiprime rings is less definitive than for prime rings
and also requires R to be 2-torsion free.
Theorem 1. Let R be a prime ring so that DE acts like a derivation on L, or xDyE +
xEyD = 0 for all x, y ∈ L. Then D = ad(a) and E = ad(b) for a, b ∈ Q and satisfying
La = 0 = Lb, so LLD = 0 = LLE , or else E = Dc for some c ∈ C and charR = 2, so
DE = D2c ∈ Der(RC).
Proof. Suppose first that E = Dc for some nonzero c ∈ C and that charR = 2. It follows
from our hypothesis that xDyD = 0 for all x, y ∈ L. Replacing y with ry for r ∈ R yields
xDryD +xDrDy = 0. Unless D = ad(q) for q ∈ Q, Theorem A shows that xDryD = 0, so
the primeness of R implies that LD = 0 contradicting Lemma 1. Thus when E = Dc and
2R = 0, D = ad(q) for q ∈ Q. Now replacing x in the identity xDyD = 0 for L with rx
for r ∈ R leads first to rDxyD = 0, and then by Lemma 1 to LLD = 0. Since D = ad(q),
xyq − xqy = 0 for all x, y ∈ L, and this implies that xryq − xqry = 0 for all r ∈ R.
It follows from Lemma 1 that xq = xc for c ∈ C, and so xRy(q − c) = 0, and another
application of Lemma 1 shows that L(q − c) = 0. Since D = ad(q) = ad(q − c), we may
assume Lq = 0. Hence if E = Dc then charR = 2 or else D = ad(q) and E = ad(qc) with
Lq = 0.
Now assume that D and E are C-independent in Der(Q). Using our hypothesis with
elements x, ry ∈ L for r ∈ R and y ∈ L yields
xDrEy + xDryE + xErDy + xEryD = 0. (1)
If D and E are C-independent modulo inner derivations then Theorem A shows
that LDRL = 0 and LERL = 0, then R prime forces LD = LE = 0, contradicting
Lemma 1(iii). Next assume that D and E are not inner derivations and that E = Dc +
ad(q), some c ∈ C and q ∈ Q. Note that ad(q) = 0 by the C-independence of D and E.
Using this representation for E, (1) becomes
xDrDyc + xD[r, q]y + xDryE + xErDy + xEryD = 0. (2)
C. Lanski / Journal of Algebra 277 (2004) 658–667 661Now Theorem A yields xDc+ERL = 0 and Lemma 1 implies that LDc+E = 0, then forces
Dc + E = 0, contradicting the C-independence of D and E. Thus it is not possible for D
and E to be C-independent derivations, with neither inner. The assumptions on D and E
are symmetric so assume that D is not inner but that E = ad(b) for some b ∈ Q.
Using (1) now gives xD[r, b]y+ xDryE + xErDy + xEryD = 0 and Theorem A forces
LERL = 0 so R prime results in the contradiction LE = 0. Thus we must also have
D = ad(a) for a ∈ Q. Assume now that {1, a, b} ⊆ Q is C-dependent, say c1 +c2a+c3b =
0 with some cj = 0. As D = 0 and E = 0, it follows that a, b /∈ C, so c2c3 = 0 and
b = z1 + z2a for zi ∈ C. This means that E = Dz2, contradicting the independence of
D and E. Consequently {1, a, b} is C-independent.
The representations D = ad(a) and E = ad(b) let us write xD(ry)E + xE(ry)D = 0 for
x, y ∈ L and r ∈ R as xDryb − xDbry + xErya − xEary = 0, or equivalently
xDr(yb)+ xEr(ya)− (xDb + xEa)ry = 0. (3)
Since D and E are inner derivations and (3) is additive in x and in y , it follows that
(3) holds for all x, y ∈ LC, a left ideal in RC. If for some y ∈ LC, {y, yb, ya} is C-
independent, then from (3) and Lemma 1 we get the contradictions LD = 0 = LE . Hence
for each y ∈ LC, {y, yb, ya} is C-dependent. Suppose that y and ya are C-dependent for
all y ∈ LC. Then ya = yc(y) for c(y) ∈ C. Should dimC LC = 1 then L(a−c(y))= 0 and
since D = ad(a − c(y)) we may assume that La = 0. When dimC LC > 1 let t, y ∈ LC
be C-independent. Using that ta = tc(t), ya = yc(y), and (t + y)a = (t + y)c(t, y) we
get t (c(t) − c(t, y)) + y(c(y)− c(t, y)) = 0. Thus c(t) = c(t, y) = c(y) and this implies
that there is c ∈ C so that ya = yc for all y ∈ LC. Again taking D = ad(a − c) enables
us to assume that La = 0. Similarly if y and yb are C-dependent for all y ∈ LC then we
may take Lb = 0. Consequently La = 0 and Lb = 0 unless there is y ∈ LC with {y, ya}
or {y, yb} C-independent.
Suppose that for some y ∈ LC, {y, ya} is C-independent. Since we have reduced to
the case when {y, ya, yb} is dependent we may write yb = cy + zya for c, z ∈ C. Using
this in (3) gives (xDc − xDb − xEa)ry + (xDz + xE)r(ya) = 0, and the independence
of y and ya with Lemma 1 shows that 0 = (LC)Dz+E = LDz+EC since Dz + E is inner.
A final application of Lemma 1 gives Dz+E = 0, contradicting the C-independence of D
and E. A similar computation when {y, yb} is C-independent also gives a contradiction.
In conclusion, either D = ad(a) and E = ad(b) with La = Lb = 0, or D and E are C-
dependent and charR = 2, completing the proof. 
We next consider the situation when R is a semiprime ring. As we indicated above, we
cannot hope that LLD = 0 as in Theorem 1. Our methods lead to an appropriate conclusion
only when R is 2-torsion free. For any nonempty S ⊆ R let (S) denote the ideal of R
generated by S. Recall that in a semiprime ring R the left and right annihilators of any
ideal I of R coincide and we denote this ideal of R by ann(I).
Theorem 2. Let R be a 2-torsion free semiprime ring so that DE acts like a derivation
on L. Then LLD ⊆ ann((RE)) and LLE ⊆ ann((RD)).
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is zero and we restrict our attention to any such prime ideal. Since DE acts like a derivation
on L, as we indicated above we have that xDyE + xEyD = 0 for all x, y ∈ L. Consider
four cases depending on whether PD and PE are contained in P or not. If PD , PE ⊆ P
then D and E each induce a derivation on the prime ring R/P via (r + P)D = rD + P
(for D). Clearly xDyE + xEyD = 0 still holds for the induced derivations on the image
of L in R/P . By Theorem 1, since charR/P = 2, either L ⊆ P , RD ⊆ P , RE ⊆ P , or
both LLD , LLE ⊆ P . Thus we must have LDLLE ⊆ P and LELLD ⊆ P .
Now assume that PD ⊆ P but PE ⊂ P . Observe that PE + P is a nonzero ideal of
R/P since for example if a ∈ P then aEr = (ar)E − arE ∈ PE + P . In the identity
xDyE + xEyD = 0 replace y with ay for a ∈ P to get xDayE + xDaEy + xE(ay)D = 0.
Using a ∈ P , PD ⊆ P , and reducing modulo P yields LDPEL ⊆ P , which together with
PE + P an ideal of R/P forces either LD ⊆ P or L ⊆ P . In the case when PE ⊆ P
but PD ⊂ P , the same computation, replacing y with ay for a ∈ P results in L ⊆ P or
LE ⊆ P . In either case LDLLE ⊆ P and LELLD ⊆ P .
Finally assume that PD ⊂ P and PE ⊂ P . For any x, y, t ∈ L, we have xD(ty)E +
xE(ty)D = 0 and expanding gives xDtyE + xEtyD = 0. Replace t with rt for r ∈ R to
obtain xDrtyE + xErtyD = 0, so in particular
xDrtyE + xErtyD ∈ P. (4)
If for some x ∈ L, xD + P and xE + P are C(R/P)-independent in R/P , then by
Lemma 1 both LLD , LLE ⊆ P , so of course LDLLE ⊆ P and LELLD ⊆ P . On the
other hand if xD + P and xE + P are C(R/P)-dependent in R/P for all x ∈ L then use
PE ⊂ P to choose x with xE /∈ P and so xD +P = c(xE +P) for c ∈ C(R/P). Note that
c(xE + P) ∈ R/P . If c = 0 then xD ∈ P and (4) show that xErtyD ∈ P . It would follow
first that LLD ⊆ P , then since PL ⊆ L that LPDL ⊆ P . As we have seen, PD + P is an
ideal of R/P , so L ⊆ P results forcing LDLLE,LELLD ⊆ P . Thus we may assume that
c = 0 in C(R/P). Now (4) becomes (xE +P)(r +P)(t +P)(c(yE +P)+ (yD +P)) = 0
in Q(R/P) so Lemma 1 in R/P yields c(tyE + P) + (tyD + P) = 0 in Q(R/P), with c
independent of t and y . Thus for any x, y ∈ L, we can now write (4) in Q(R/P) as
(−c(xE +P )+ (xD + P ))(r + P)(t + P)(yE + P )= 0 in Q(R/P). (5)
Using Lemma 1 for R/P we see that either LLE ⊆ P and as above L ⊆ P so
LDLLE,LELLD ⊆ P , or (xD + P) = c(xE + P) for all x ∈ L. In the latter case
the inclusion xDyE + xEyD ∈ P becomes 2c(xEyE + P) = 0 in Q(R/P). Since
charR/P = 2 and c = 0, we deduce that LELE ⊆ P . For a, b ∈ P and x ∈ L,
(ax)E(bx)E ∈ P leads to aExbEx ∈ P . Therefore PExPEx ⊆ P and since PE + P is a
nonzero ideal in R/P we have x ∈ P . Thus L ⊆ P and once again LDLLE,LELLD ⊆ P .
Since for every prime ideal P of R with charR/P = 2, LDLLE,LELLD ⊆ P we
are forced to conclude that LDLLE = 0 = LELLD in R. Thus (RL)ELLD = 0 from
which we get RELLLD = 0. It follows that (LLDRE)3 = 0 and since R is a semiprime
ring LLDRE = 0 results. Replacing R with R2 now shows that LLD ⊆ ann((RE)).
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LLE ⊆ ann((RD)), completing the proof. 
We note that in the 2-torsion free case the result of Theorem 2 gives Theorem 1 for
prime rings. Since D = 0, (RD) is a nonzero ideal of R and its annihilator must be zero
when R is a prime ring. Thus LLE = 0, and similarly LLD = 0. In the latter case we obtain
for x, y ∈ L and r ∈ R that xryD + xrDy = 0. If D is not inner then Theorem A yields
LRLD = 0, and it would follow from R prime and Lemma 1 that L = 0. Thus D = ad(a)
and xrya−xray+xray−xary = 0, or equivalently, xrya−xary = 0. Applying Lemma
1 shows that xa = xc for c ∈ C, so xry(a − c) = 0. By Lemma 1 L(a − c) = 0, so taking
D = ad(a − c) and repeating the computation for E gives Theorem 1. Let us look at
examples to illustrate the conclusion of Theorem 2 and to see why we need to make a
torsion assumption.
Example 1. Let A be any prime ring with nontrivial idempotent e, for example Mn(F)
for F a field. Set R = A ⊕ A ⊕ A and L = (Ae,A,A) and take any nonzero d,g ∈
Der(A). Define D,E ∈ Der(R) componentwise as D = (ad((1 − e)ae), d,0) and E =
(ad((1 − e)b),0, g). Then LD = ((1 − e)aeAe,Ad,0), LE = ((1 − e)bAe,0,Ag), and
LDE = ((1 − e)b(1 − e)aeAe,0,0), so DE acts on L like ad((1 − e)b(1 − e)ae,0,0))∈
Der(R). Now LLD = (0,AAd,0) = 0 and LLE = (0,0,AAg) = 0. Further RD = ([A,
(1 − e)ae],Ad,0) and RE = ([A, (1 − e)b],0,Ag), so RDLE = 0 and RELD = 0 if a and
b are suitably chosen, but LLD ⊆ ann((RE)) and LLE ⊆ ann((RD)).
Example 2. Let R,L,D, and E be as in Example 1, consider a prime ring S with
charS = 2, and let h ∈ Der(S). Then the semiprime ring R ⊕ S with left ideal L ⊕ S and
derivations (D,h) and (E,h) satisfy the condition that the product (D,h)(E,h) acts like
a derivation of L⊕ S, but the conclusion of Theorem 2 is not satisfied since ShSSh = 0.
We turn to Posner’s second theorem concerning the assumption xDx−xxD = [xD,x] ∈
Z(R). The result, when x ∈ L a left ideal of the semiprime ring R was proved as [1,
Theorem 3, p. 99] and concludes that LD = 0 or R contains a nonzero central ideal. That
LD = 0 or that the ideal (LD) is central is also an immediate consequence of [10, Theorem,
p. 340] since [xD,x] ∈ Z(R) forces [[xD,x], x] = 0. We prefer to give an independent and
easy argument for [1, Theorem 3, p. 99] using Theorem 1 and the approach in [13].
Theorem 3. Let R be a semiprime ring, L a nonzero left ideal of R, and D ∈ Der(R)− (0).
If for all x ∈ L, [xD,x] ∈ Z(R), then either LD = 0 or the nonzero ideal (LD) ⊆ Z(R).
Proof. We claim that [L,RD] = 0 and show this by proving that [L,RD] ⊆ P for every
prime ideal P of R. First note that linearizing [xD,x] ∈ Z(R) shows that
[
xD,y
]+ [yD,x] ∈ Z(R) for all x, y ∈ L. (6)
If PD ⊂ P then replacing y with ay in (6) for a ∈ P and computing modulo P gives
[PDL,L] ⊆ Z(R/P). As we have seen PD + P is a nonzero ideal in R/P so either
664 C. Lanski / Journal of Algebra 277 (2004) 658–667PDL⊆ P or PDL+P is a nonzero commutative left ideal in R/P . In the first case L ⊆ P
and in the second it is easy to see that R/P must be commutative [4, Corollary, p. 7]. Thus
[L,RD] ⊆ P . We may now assume that PD ⊆ P so that D induces a derivation on R/P
via (r + P)D = rD + P . Thus to prove our claim it suffices to do so when R is a prime
ring, although we do not know that L = 0 or D = 0.
Assume now that R is prime. Clearly [L,RD] = 0 if L = 0 or D = 0, so assume
not. As in [1,13] we show that actually [xD,y] + [yD,x] = 0 for x, y ∈ L. If x ∈ L,
using [xD,x] ∈ Z(R) and (6) with y = x2 gives 4[xD,x]x ∈ Z(R), so commutating with
xD yields (2[xD,x])2 = 0. Since R is prime and [xD,x] ∈ Z(R), 2[xD,x] = 0 results.
Replace y in (6) with zy for z ∈ Z(R) to get zD[y, x]+ z([xD,y]+ [yD,x]) ∈ Z(R), thus
zD[y, x] ∈ Z(R). As R is prime either Z(R)D = 0 or [L,L] ⊆ Z(R) and in the latter case
R is commutative by [4, Corollary, p. 7] and [L,RD] = 0 follows. Hence Z(R)D = 0, so
[xD,x]D = 0 and we conclude that [xg, x] = 0 for the map g = D2. Now replace y in
(6) with xDx and compute that xD[xD,x] + [xgx + (xD)2, x] ∈ Z(R). Since [xg, x] = 0
and [(xD)2, x] = 2[xD,x]xD = 0, we have xD[xD,x] ∈ Z(R), so 0 = [xD[xD,x], x] =
[xD,x]2. Using that R is prime and [xD,x] ∈ Z(R) force [xD,x] = 0, and its linearization
shows that [xD,y] + [yD,x] = 0 for x, y ∈ L.
We now have [xD,y] + [x, yD] = 0 for x, y ∈ L, so D(ad(y)) acts like the derivation
−ad(yD) on L. Since D = 0, by Theorem 1 either D = ad(q) for q ∈ Q with Lq = 0,
or charR = 2 and ad(y) = 0 or ad(y) = Dc(y) for some c(y) ∈ C. If D = ad(q) with
Lq = 0, then [xD,x] = 0 yields 0 = [xq − qx, x] = [−qx, x] = −qx2. Thus if u,v ∈ L
we have 0 = q(u+ v2)2 = quv2. By Lemma 1 either q = 0 or Lv2 = 0 for all v ∈ L. If the
latter holds then for all r ∈ R, vrvrv = 0 and linearizing shows that vrvsv + vsvrv = 0
for all r, s ∈ R. Left multiplying by vr yields (vrv)s(vrv) = 0 so R prime forces v = 0,
thus L = 0. This contradiction shows that charR = 2 and for any y ∈ L, ad(y) = Dc(y). If
ad(y) = 0 for all y ∈ L then [L,L] = 0 and R is commutative by [4, Corollary, p. 7].
Say ad(y) = 0. For t ∈ L with ad(t) = 0, ad(t) = Dc(t) = ad(y)z(t). Hence [y, t] =
[y, yz(t)] = 0. Of course, [y, t] = 0 when ad(t) = 0 so [y,L] = 0 and [4, Lemma 1.1.5,
p. 6] forces ad(y) = 0. Therefore either L = 0, D = 0, or [R,R] = 0 so [L,RD] = 0 as
claimed.
Finally when R is semiprime and [x, rD] = 0 for all x ∈ L and r ∈ R, replace x with
sx for s ∈ R to get [R,RD]L = 0. It follows that L is in the annihilator A of the ideal
([R,RD]). Since ([R,RD])D ⊆ ([R,RD]), A = ann(([R,RD])) satisfies AD ⊆ A. Now
[A,AD] ⊆ A∩ ([R,RD]) = 0 because R is semiprime. Therefore AD ⊆ Z(A) ⊆ Z(R) [4,
Lemma 1.1.5, p. 6], so LD ⊆ A∩Z(R) and the ideal (LD) ⊆ Z(R). 
As we mentioned there have been variations on Theorem 3 and Posner’s theorem by
assuming instead that xDx + xxD is central, or that either this sum or [xD,x] is central
[5,6]. A common generalization of these conditions using two derivations D and E was
considered in [2] for prime rings. There Bresar proves that if xDx − xxE ∈ Z(R) for all
x ∈ L, a left ideal of R, then either R is commutative or D = 0. A later result in [15]
extends Bresar’s to semiprime rings when the left annihilator of L is zero and shows that
the ideal (RD) ⊆ Z(R). In both papers no comment is made about E. We will prove a
general statement for any left ideal L in the semiprime ring R that describes E and reduces
to the known results under their hypotheses. As for our previous theorems we will attack
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we may assume that D = 0. The next theorem deals with this case.
Theorem 4. Let R be a noncommutative prime ring, L a nonzero left ideal of R, and
E ∈ Der(R) − (0). If for all x ∈ L, xxE ∈ Z(R), then E = ad(q) for q ∈ Q(R) with
Lq = 0, so LLE = 0.
Proof. Linearize the hypothesis that xxE ∈ Z to get
xyE + yxE ∈ Z for all x, y ∈ L. (7)
For y = x2 in (7), we get x2xE + xxEx + x2xE ∈ Z, so using xxE ∈ Z results in
3x2xE ∈ Z. (8)
Similarly the assumption x2(x2)E ∈ Z leads to
2x3xE ∈ Z. (9)
From (8) and (9) we may conclude that if 2R = 0 then x(xxE) ∈ Z, so since R is a prime
ring either xxE = 0 or x ∈ Z. When 2R = 0 then x2(xxE) ∈ Z and now either xxE = 0 or
x2 ∈ Z.
Let c ∈ C and let I be a nonzero ideal of R so that cI + Ic ⊆ R [7,8]. For x, y ∈ IL,
cx, cy ∈ L so from (7), x(cy)E + cyxE ∈ Z, or cExy + c(xyE + yxE) ∈ C, and it follows
that cE(IL)2 ⊆ C. Hence cE = 0 or (IL)2 ⊆ Z, using that R and RC are prime [12,
p. 577]. In the latter case R is commutative by [4, Corollary, p. 7] or else IL = 0,
impossible since L = 0 and R is prime. Consequently CE = 0.
Let x ∈ L. If 2R = 0 and x ∈ Z then xE = 0 so xxE = 0, and if 2R = 0 and x2 ∈ Z
then 0 = (x2)E = xxE + xEx , so xEx = −xxE ∈ Z. But now 0 = [xxE,x] = x[xE,x] =
x(xEx − xxE) = x(2xEx) = 2xxEx . Since 2R = 0, (xxE)2 = 0 follows, forcing the
central element xxE = 0. Hence from our computation in the paragraph before last,
xxE = 0 for all x ∈ L. This and its linearization yield
xxE = 0 and xyE + yxE = 0 for all x, y ∈ L. (10)
Replace y with ryx for r ∈ R in (10) and use xxE = 0 to see that xrEyx + xryEx +
xryxE = 0. If E is not inner then from Theorem A, yx = 0, so L2 = 0 a contradiction.
Consequently E = ad(q) for some q ∈ Q and the last substitution in (10) now gives
xr(yxq)−(xq)ryx = 0. Now Lemma 1 implies xq = c(x)x or Lx = 0. Since L2 = 0 there
is x ∈ L with Lx = 0 so xq = cx for some c ∈ C. For this x , any y ∈ L, and any r ∈ R,
(10) shows that x(ryq − qry)+ ryxE = 0. But xq = cx so xryq − xryc + ryxE = 0 and
Lemma 1 forces L(q − c)= 0. Taking E = ad(q − c) we may assume initially that Lq = 0
yielding LLE = 0 and completing the proof of the theorem. 
Theorem 4 immediately gives an extension of Bresar’s result [2, Theorem B, p. 386].
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all x ∈ L,xDx − xxE ∈ Z(R), then R is commutative, or D = 0 and E = ad(q) for q ∈ Q
with Lq = 0.
Theorem 5 is essential for attacking the case when R is a semiprime ring. Note that
when E = ad(q) with Lq = 0, then LLE = 0. Another easy and useful observation we
will need is that in any semiprime ring ann([R,R]) ⊆ Z(R) and contains all central ideals
in R [10, Lemma, p. 342]. This follows from the identity [xy, r] = x[y, r] + [x, r]y since
if x is contained in a central ideal then x[R,R] = 0, and if the ideal (x) annihilates [R,R],
then [x,R]R ⊆ [xR,R] ⊆ (x)∩ ann((x)) = 0, using that R is a semiprime ring. Our final
theorem has as a special case [15, Theorem, p. 372].
Theorem 6. Let R be a semiprime ring, L a nonzero left ideal of R, and D,E ∈ Der(R). If
for all x ∈ L, xDx − xxE ∈ Z(R) then the ideals (LD), (RDL), (LRD), (LLE) ⊆ Z(R).
If in addition the right annihilator of L is zero, then the ideals (RD), (RE) ⊆ Z(R).
Proof. We claim that [L,RD] = 0 and [R,LLE] = 0 and prove this by showing that
these commutators are contained in every prime ideal P of R. Suppose first that P is a
prime ideal of R and that both PD,PE ⊆ P . As we have seen, D and E each induce
a derivation on R/P and our assumption xDx − xxE ∈ Z(R/P) still holds, although
perhaps now L ⊆ P . From Theorem 5 either [R,R] ⊆ P or both RD ⊆ P and LLE ∈ P ,
so [L,RD] ⊆ P and [R,LLE] ⊆ P .
Next suppose that PD ⊆ P but PE ⊂ P , so PE + P is nonzero ideal in R/P .
Linearizing the relation xDx − xxE ∈ Z(R) results in
xDy + yDx − xyE − yxE ∈ Z(R) for all x, y ∈ L. (11)
Replacing y with ay for a ∈ P , taking (11) modulo P , and using PD ⊆ P , yields
−xaEy ∈ Z(R/P). It follows that LPEL ⊆ Z(R/P), so either R/P contains a nonzero
commutative left ideal, forcing R/P to be commutative [4, Corollary, p. 7], or LPEL ⊆ P
forcing L ⊆ P . Thus again [L,RD] ⊆ P and [R,LLE] ⊆ P . The same conclusion holds
when instead PD ⊂ P but PE ⊆ P . In this case the substitution of ay for y in (11), for
a ∈ P , gives PDLL ⊆ P .
Finally assume that PD ⊂ P and PE ⊂ P . Now replace y in (11) by tay for t ∈ L
and a ∈ P and reduce modulo P to get taDyx − xtaEy ∈ Z(R/P). When xt replaces
t this results in x(taDyx − xtaEy) ∈ Z(R/P). Therefore either taDyx − xtaEy ∈ P or
x + P ∈ Z(R/P). If L+ P ⊆ Z(R/P) then once again by [4, p. 7] R/P is commutative
or L ⊆ P . Otherwise there is x ∈ L with x + P /∈ Z(R/P) and taDyx − xtaEy ∈ P
for all t, y ∈ L and a ∈ P . In particular rtaDyx − xrtaEy ∈ P for all r ∈ R. Since
x +P /∈ Z(R/P), 1 and x +P are C(R/P)-independent in Q(R/P) so Lemma 1 applied
to the prime ring R/P shows that taEy ∈ P , or LPEL ⊆ P . As above this implies that
R/P is commutative or that L ⊆ P , and again [L,RD] ⊆ P and [R,LLE ] ⊆ P .
Our claim that [L,RD] = 0 and [R,LLE] = 0 follows since these commutators are
contained in every prime ideal of R. From [R,LLE] = 0, [R,RLLE ] = 0 implies that
[R,R]LLE = 0 so our comment before the theorem shows that the ideal (LLE) ⊆ Z(R)
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0. As in the proof of Theorem 3 this puts L in ann(([R,RD])) = A and AD ⊆ A. Now
[A,AD] ⊆ A∩ ([R,RD])= 0, so AD ⊆ Z(A) ⊆ Z(R). Thus LD ⊆ A∩Z(R) so the ideal
(LD) ⊆ Z(R). From our argument above, for each prime ideal P of R, either [R,R] ⊆ P
or RD ⊆ P or L ⊆ P , so [R,RDL] ⊆ P and [R,LRD] ⊆ P . Hence [R,RDL] = 0 and
[R,LRD] = 0, so RDL and LRD are central left ideals. This shows that (RDL) ⊆ Z and
(LRD) ⊆ Z.
When the right annihilator of L is zero, then since (LRD) ⊆ Z [10, Lemma. p. 342]
shows that LRD[R,R] = 0, we conclude that RD[R,R] = 0 and now (RD) ⊆ Z from [10].
Using this same result with (LLE) ⊆ Z gives LLE[R,R] = 0, so LE[R,R] = 0 and in
particular (RL)E [R,R] = 0. It follows that REL[R,R] = 0, then that (L[R,R]RE)2 = 0.
This forces L[R,R]RE = 0 and results in [R,R]RE = 0. A final application of [10]
produces (RE) ⊆ Z, completing the proof. 
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